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LIE GROUPS WITH FLAT GAUDUCHON CONNECTIONS
LUIGI VEZZONI, BO YANG, AND FANGYANG ZHENG
Abstract. We pursuit the research line proposed in [24] about the classification of Hermitian
manifolds whose s-Gauduchon connection ∇s = (1 − s
2
)∇c + s
2
∇b is flat, where s ∈ R and
∇c and ∇b are the Chern and the Bismut connections, respectively. We focus on Lie groups
equipped with a left invariant Hermitian structure. Such spaces provide an important class
of Hermitian manifolds in various contexts and are often a valuable vehicle for testing new
phenomena in complex and Hermitian geometry. More precisely, we consider a connected
2n-dimensional Lie group G equipped with a left-invariant complex structure J and a left-
invariant compatible metric g and we assume that its connection ∇s is flat. Our main result
states that if either n=2 or there exits a ∇s-parallel left invariant frame on G, then g must be
Ka¨hler. This result demonstrates rigidity properties of some complete Hermitian manifolds
with ∇s-flat Hermitian metrics.
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1. Introduction
An affine connection ∇ on a Hermitian manifold (M,J, g) is called Hermitian if preserves
the Hermitian structure, i.e. ∇J = ∇g = 0. Every Hermitian manifold admits Hermitian
connections and canonical choices of such connections can be done by imposing some constraints
on the torsion. For instance the Chern connection ∇c (see e.g. Proposition 10.2 on p.180 in
[11]) and the Bismut connection ∇b (see [4] and [25]) are canonical Hermitian connections. A
precise definition of canonical Hermitian connection was given by Gauduchon in [8] who also
proved that the space of canonical Hermitian connections can be parametrized as
{∇s = (1− s
2
)∇c + s
2
∇b : s ∈ R}.
In the following given a real number s, we call ∇s as the s-Gauduchon connection. Note
that ∇0 = ∇c and ∇2 = ∇b. Moreover, ∇1 corresponds to the projection of the Levi-Civita
connection onto the space of (1, 0)-vector fields. This connection is called the first canonical
Hermitian connection in [8] and [13], the associated connection in [9] and the complexified Levi-
Civita connection in [12]. In [24], it is proposed the study of compact Hermitian manifolds
with flat s-Gauduchon connections, as a special case of a problem posed by Yau (Problem 87
in [26]). The case s = 0 (i.e. when the Chern connection is flat) was studied in the 1950s by
W. Boothby [5] and H. C. Wang [20]. Boothby proved that if (Mn, g) is a compact Chern-flat
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2 Gauduchon flat Lie Groups
Hermitian manifold, then its universal cover M˜ has a natural structure of complex Lie group
and g lifts to a left invariant metric on M˜ . In this result the compactness assumption cannot be
removed in general, since Boothby constructed local examples of Chern-flat Hermitian surfaces
with non-parallel torsion. In Section 5 of [22], it was given a complete noncompact example of
such kind.
For s = 2, Bismut-flat Hermitian manifolds were classified in [22] (even in the non-compact
case). From [22] it follows that the universal cover of a Bismut-flat Hermitian manifold is an
open subset of a Samelson space, namely, a simply-connected, connected Lie group G equipped
with a bi-invariant metric and a compatible left invariant complex structure. Note that any
Samelson space is the product of a compact semi-simple Lie group with a vector group by
Milnor’s lemma in [14].
Also ∇1-flat manifolds have been studied in several papers, and, even though there is no
exhaustive classification of such manifolds, there are some partial classification results (see [1]
and [9]).
In [24] it was conjectured that a compact ∇s-flat Hermitian manifold, for s 6= 0, 2 , must be
Ka¨hler, and thus a finite undercover of a flat complex torus. The conjecture was confirmed in
[24] for Hermitian surfaces, as well as in general dimensions under the additional assumption
that s /∈ [a−n , a+n ]. Here a±n are explicit constants with a−n > 0.53 and a+n < 7.47.
In this paper we focus on connected Lie groups equipped with a left invariant Hermitian
structure. Such manifolds (and their quotients) costituite a rich and interesting class of Hermit-
ian manifolds. Classical examples are provided by even dimensional compact Lie groups, since
every even-dimensional compact Lie group admits a left invariant complex structure compatible
with its bi-invariant metric (see [18] and [21]). Moreover, left invariant Hermitian structures
exist on some nilpotent and solvable Lie groups, see e.g [19], [6], [16], [17] and the reference
therein.
The main purpose of this paper is to investigate the following question:
Question 1.1. Let G be a connected Lie group equipped with a left invariant metric g and a
compatible left invariant complex structure J . Assume that the connection ∇s of (G, g) is flat
for some s 6= 0, 2. Then must g be Ka¨hler?
From Theorem 4.14 in [1] it follows that Question 1.1 has an affirmative answer when s = 1
and the complex structure is abelian, i.e. when the space of left invariant (1, 0)-vector fields on
G is an abelian Lie algebra.
The first main results of the present paper is that Question 1.1 has an affirmative answer in
real dimension 4:
Theorem 1.2. Let G be a connected Lie group of real dimension 4 equipped with a left invari-
ant metric g and a compatible left invariant complex structure J . Assume that the Hermitian
manifold (G, g) has a flat s-Gauduchon connection ∇s for some s 6= 0, 2. Then g is Ka¨hler.
For general dimensions we give an affirmative answer to Question 1.1 under the extra as-
sumption on (G, g) to admit a left-invariant ∇s-parallel frame.
Theorem 1.3. Let G be a connected Lie group of real dimension 2n equipped with a left invariant
metric g and a compatible left invariant complex structure J . Assume that (G, g) has a flat s-
Gauduchon connection ∇s for some s 6= 0, 2. If G admits a left invariant ∇s-parallel tangent
frame, then g is Ka¨hler. Moreover, G is abelian.
Under any left invariant frame, the torsion components of a left invariant connection are
always constant ((12) in Section 2). In particular, if a left invariant connection admits a left
invariant parallel frame, then its torsion is parallel. By the result of Kamber and Tondeur [10]
(see also [1]), given any smooth manifoldM equipped with a complete affine connection ∇ which
is flat and whose torsion is parallel, then the universal cover of M is a Lie group and ∇ lifts to
a left invariant connection. Hence theorem 1.3 can be restated as follows:
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Theorem 1.4. Let (Mn, g) be a complete Hermitian manifold with a flat s-Gauduchon connec-
tion ∇s and with parallel torsion. Assume that s 6= 0, 2, then its universal cover is holomorphi-
cally isometric to the complex vector group Cn.
As pointed out at the beginning of Section 4, a sufficient condition for the existence of a
parallel left invariant frame is that Lie group does not admit any non-trivial finite dimensional
unitary representation. Hence, as a corollary of Theorem 1.3 we have:
Corollary 1.5. Let G be a connected Lie group equipped with a left invariant metric g and a
compatible left invariant complex structure J . Assume that the Hermitian manifold (G, g) has a
flat s-Gauduchon connection ∇s and s 6= 0, 2. If G is non-compact and contains no non-trivial
proper normal closed subgroup (or more generally, if G admits no non-trivial finite dimensional
unitary representation), then g is Ka¨hler and G is abelian.
In order to prove our theorems, we show as preliminary results some algebraic relations on
Hermitian Lie groups involving the structure constants of the Lie group, the coefficients of the
Gauduchon connections and the coefficients of the Chern connection.
It is quite natural to wonder if the extra assumption in Theorem 1.3 about the existence
of a left invariant parallel frame could be removed. Though we are working on left invariant
geometry and the calculation is of local nature, it seems quite complicated to overcome some
algebraic complexities arising in our computations (see the observation after Lemma 4.1), so we
believe some new insights are needed to tackle it.
Note that if Question 1.1 has an affirmative answer, i.e. the universal cover of (G, g) is Cn
equipped with the Euclidean metric, it is not necessarily true that the corresponding Lie group
is the complex vector group. In fact, there are examples of non-abelian Lie groups which admits
left invariant flat Ka¨hler structures, see e.g. [3] and the appendix at the end of the present
paper. The results in [3] give a Ka¨hler analogue of Milnor’s classification theorem on flat Lie
groups with left-invariant Riemannian metrics [14]. As an application we have the following
improvement of Theorem 1.2:
Corollary 1.6. Let (G, J, g) be as in the statement of Theorem 1.2. Then either G is isomorphic
to a complex vector group or its Lie algebra g admits the following orthogonal decomposition:
g = c⊕ k, where the subalgebras c = span{W}, and k = span{X,Y, Z}.
Here {X,Y, Z,W} is an orthonormal basis of g, c is the center of g, [X,Y ] = qZ, [X,Z] = −qY ,
[Y, Z] = 0 where q 6= 0 is any given real number, and the complex structure J is defined by
JX = W and JY = Z.
Finally, we would like to point out some interesting recent works relating left invariant geom-
etry of complex Lie groups and Gauduchon connections: Fei-Yau found in [7] invariant solutions
to the Hull-Strominger system on unimodular complex Lie groups and Phong-Picard-Zhang [15]
studied solutions to the Anomaly Flow on unimodular complex 3-dimensional Lie groups.
2. Lie groups as Hermitian manifolds
Let G be a connected Lie group of real dimension 2n, and denote by g its Lie algebra. Let g
be a left invariant metric on G and J a left invariant complex structure on G that is compatible
with g. Note that the Hermitian manifold (G, g) of complex dimension n is always complete.
Left invariant metrics g on G are in one one correspondence with inner products 〈 , 〉 on
g, while (compatible) left invariant complex structures on G are in one one correspondence
with almost complex structures J on the vector space g (compatible with 〈 , 〉) satisfying the
integrability condition
[x, y]− [Jx, Jy] + J [Jx, y] + J [x, Jy] = 0, ∀ x, y ∈ g,
or equivalently,
(1) [g1,0, g1,0] ⊆ g1,0,
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where g1,0 is the
√−1-eigenspace of J in gC = g⊗C.
Let {e1, . . . , en} be a unitary basis of g1,0. We will also use ei to denote the corresponding
left invariant vector field on G, so it becomes a global unitary frame of type (1, 0) tangent fields
on the complete Hermitian manifold (G, g). The integrability condition can be expressed as
(2) 〈[ei, ej], ek〉 = 0, ∀ 1 ≤ i, j, k ≤ n.
Let ∇ be the Levi-Civita connection. Since ∇ is torsion free, we have
(3) 2〈∇xy, z〉 = x〈y, z〉+ y〈x, z〉 − z〈x, y〉+ 〈[x, y], z〉 − 〈[x, z], y〉 − 〈[y, z], x〉
for any vector fields x, y, z on G. Let us write e = t(e1, . . . , en), and let {ϕ1, . . . , ϕn} be the
coframe of (1, 0)-forms dual to e. Denote by T kij the components of the Chern torsion under the
frame e, namely, T c(ei, ej) = 2
∑n
k=1 T
k
ijek. Following the notations of [23] and [24], we have
∇e = ∇1e+ βe = ∇ce+ γe+ βe,
βei = T
k
ij ϕkej ,
γei = (T
j
ikϕk − T ijk ϕk)ej .
So by the formula for ∇ we get
(4) 2T kij = 2〈β(ek)ei, ej〉 = 〈[ek, ei], ej〉 − 〈[ek, ej], ei〉 − 〈[ei, ej], ek〉.
From this, a direct computation leads to
〈∇cekei, ej〉 = 〈[ej , ek], ei〉(5)
∇cekei = [ek, ei]1,0,(6)
2〈γ(ek)ei, ej〉 = 2T jik = 〈[ej , ei], ek〉 − 〈[ej , ek], ei〉 − 〈[ei, ek], ej〉,(7)
〈∇sekei, ej〉 = (1−
s
2
)〈[ej , ek], ei〉+ s
2
〈[ej , ei], ek〉 − s
2
〈[ei, ek], ej〉,(8)
〈∇sekei, ej〉 = (1−
s
2
)〈[ek, ei], ej〉+ s
2
〈[ej , ei], ek〉+ s
2
〈[ej , ek], ei〉,(9)
〈∇bekei, ej〉 = 〈[ej , ei], ek〉 − 〈[ei, ek], ej〉.(10)
Here we used the fact that ∇s = ∇c + sγ, and ∇c = ∇0, ∇b = ∇2. In the following, let us
denote by
Cjik = 〈[ei, ek], ej〉, Djik = 〈[ej , ek], ei〉
for the structure constants of g, and denote by Γjik = 〈∇sekei, ej〉 the connection components of
∇s under the frame e. Then we have
Γjik = D
j
ik + sT
j
ik(11)
2T jik = −Djik +Djki − Cjik(12)
T jik,ℓ =
n∑
r=1
(− T jrkΓriℓ − T jirΓrkℓ + T rikΓjrℓ)(13)
T j
ik,ℓ
=
n∑
r=1
(
T jrkΓ
i
rℓ + T
j
irΓ
k
rℓ − T rikΓrjℓ
)
(14)
for any indices i, j, k, and ℓ. Here the indices appearing after the “,” stand for covariant
differentiation with respect to the connection ∇s.
Since [ej , ei] =
∑
k
(
Djkiek−Dikjek
)
, and the components of C, D, T , Γ are all constants, the
Jacobi identity for {ei, ej, ek} and for {ei, ej , ek} will give us the following identities
Lemma 2.1. Let G be a Lie group equipped with a left invariant metric g and a compatible left
invariant complex structure. Let e be a left invariant unitary frame on G, and denote by C, D
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the structure constants. The Jacobi identities are
n∑
r=1
(
CrijC
ℓ
rk + C
r
jkC
ℓ
ri + C
r
kiC
ℓ
rj
)
= 0(15)
n∑
r=1
(
CrikD
ℓ
jr +D
r
jiD
ℓ
rk −DrjkDℓri
)
= 0(16)
n∑
r=1
(
CrikD
r
jℓ − CjrkDirℓ + CjriDkrℓ −DℓriDkjr +DℓrkDijr
)
= 0(17)
for any indices i, j, k, and ℓ.
3. Hermitian manifolds with flat s -Gauduchon connection
Let (Mn, g) be a Hermitian manifold with flat s-Gauduchon connection ∇s. Under any local
unitary tangent frame {E1, . . . , En}, let us denote by T kij the components of the Chern torsion
under E:
T c(Ei, Ej) =
n∑
k=1
2T kijEk.
We first prove the following:
Lemma 3.1. Let (Mn, g) be a ∇s-flat Hermitian manifold, with s 6= 0. Then under any unitary
frame E, the components of the Chern torsion T c and its ∇s-covariant differentiation will satisfy
the following:
T ℓij,k − T ℓik,j = 2(1− s)T ℓirT rjk + s T ℓjrT rik − s T ℓkrT rij(18)
0 = (n− 2)(s− 1) (T ℓirT rjk + T ℓjrT rki + T ℓkrT rij)(19)
T ℓij,k − T ℓik,j = (2 − s)T ℓirT rjk if n ≥ 3 and s 6= 1(20)
4(s− 1)(2s− 1)T k
ij, ℓ
= −4s(s− 1)2 T rijT rkℓ − s (5s2 − 10s+ 4)
(
T kirT
j
ℓr − T kjrT iℓr
)
(21)
+ s3
(
T ℓirT
j
kr − T ℓjrT ikr
)
for any indices i, j, k, and ℓ.
Proof. Note that the validity of these identities are independent of the choice of unitary frames
here as both sides representing tensors. So we may prove them under a local unitary frame E
that is ∇s-parallel, which exists since g is ∇s-flat. The first three identities are directly from
Lemma 3.1 and Lemma 3.2 in [24]. So we only need to prove the last identity. Let us denote
by Xkℓij the right hand side of the formula (21) in Lemma 3.1 of [24]. Write
u = Xkℓij −Xℓkij , v = X ijkℓ −Xjikℓ, x = T kij, ℓ − T ℓij, k, y = T ikℓ, j − T
j
kℓ, i
Then we get from that formula (21) of [24] that
2(s− 1)x+ 2sy = u, 2sx+ 2(s− 1)y = v.
Since u = v, we get 2(2s − 1)x = 2(2s − 1)y = u. Plug this back into that formula (21), we
obtain the last identity of the present lemma. 
In the last identity of Lemma 3.1, if we take s = 1
2
, and let i = k, j = ℓ and sum them over,
we get
0 =
1
4
n∑
i,j, r=1
|T jir|2 +
1
4
n∑
r=1
|ηr|2
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where ηr =
∑
k T
k
kr are the components of the Gauduchon’s torsion 1-form. So when s =
1
2
,
we always have T = 0, that is, any ∇ 12 -flat Hermitian manifold is Ka¨hler. This is observed in
Proposition 1.8 of [24].
Next let us specialize to the 2-dimensional case. Let (M2, g) be a ∇s-flat Hermitian surface
with s 6= 0. At any point in M2, by rotating the unitary frame E if necessary, we may always
assume that T 212 = 0 at this point. In fact, assuming that g is not Ka¨hler, then in the open subset
of M2 where T is not identically zero, there exists local unitary frame E such that T 212 = 0, and
T 112 = λ 6= 0. Under such a frame, by taking i = 1, j = 2 in the first and last identity of Lemma
3.1, we get the following:
Lemma 3.2. Let (M2, g) be a ∇s-flat Hermitian surface with s 6= 0. Suppose E is a local
unitary frame such that T 212 = 0. Then we have
T 112,1 = T
2
12,1 = T
2
12,2 = 0, T
1
12,2 = (2− s)λ2,(22)
4(s− 1)(2s− 1)T 1
12,1
= 4(s− 1)(2s− 1)T 2
12,2
= 0,(23)
4(s− 1)(2s− 1)T 1
12,2
= s2(s− 2)|λ|2,(24)
4(s− 1)(2s− 1)T 2
12,1
= s (3s2 − 8s+ 4)|λ|2,(25)
where λ = T 112.
Note that when g is not Ka¨hler, λ is not identically zero, by the third identity above we know
that s 6= 1
2
and s 6= 1, so all the covariant derivatives of the Chern torsion can be expressed in
terms of λ under this frame E. We will see in the next section that this cannot happen when
s 6= 2 and when the Hermitian surface is a Lie group equipped with left invariant metric and
left invariant complex structure, hence proving Theorem 1.2.
4. Lie groups with flat s -Gauduchon connection
Now let us specialize to Hermitian manifolds (G, g) which are Lie groups of real dimension
2n equipped with a left invariant metric g and a compatible left invariant complex structure
J . We will assume that (G, g) is ∇s-flat. Lifting to the universal cover if necessary, we may
assume that G is simply-connected. Let {Z1, . . . , Zn} be a global unitary frame on G that is
∇s-parallel. Since the connection ∇s is left invariant, we know that for any a ∈ G, the pushed
forward frame dLaZ by the left translation is also parallel, thus is a constant unitary change of
Z. That is, for any a ∈ G we have P (a) ∈ U(n) such that
dLaZ = P (a)
−1Z.
Here we wrote Z for the column vector t(Z1, . . . , Zn). The map P : G → U(n) is a homomor-
phism, since for any a, b ∈ G, we have Lab = LaLb, so
P (ab)−1Z = dLabZ = dLa dLbZ = dLa((P (b)
−1Z) = P (b)−1P (a)−1Z,
hence P (ab) = P (a)P (b). Now let e = t(e1, . . . , en) be the left invariant frame on G which
coincides with Z at the identity element o of G. Then we get e(a) = P (a)−1Z(a). So the matrix
of connection ∇s under e is given by θs = dP−1P = −P−1dP , namely
(26) (θs)ji =
n∑
k=1
{Γjikϕk + Γjikϕk},
where ϕ is the coframe on G dual to e, is given by
Γjik = 〈∇sekei, ej〉 = −
n∑
r=1
Priek(Prj)(27)
Γj
ik
= 〈∇sekei, ej〉 = −Γijk(28)
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Now let us denote by p : g → u(n) the homomorphism on the Lie algebras induced by P , and
extend it linearly over C. We have
(29) p([ei, ek]) = [p(ei), p(ek)], p([ei, ek]) = [p(ei), p(ek)]
for any i, k. Note that for any X ∈ gC, p(X) = dPo(X) = −θs(X). So by our notations
[ei, ek] =
∑
r C
r
iker, and [ej, ei] =
∑
r
(
Djrier −Dirjer
)
, where Cjik and
Djik = 〈[ej , ek], ei〉 = Γjik − sT jik,
are the structure constants, we get the following
Lemma 4.1. Let G be a Lie group equipped with a left invariant metric g and a compatible left
invariant complex structure J , and assume that the Hermitian manifold (G, g) is ∇s-flat. Then
under any left invariant unitary frame e, the components of the connection ∇s satisfy
n∑
r=1
(
CrikΓ
ℓ
jr + Γ
r
jiΓ
ℓ
rk − ΓrjkΓℓri
)
= 0(30)
n∑
r=1
(
DjriΓ
k
ℓr + Γ
ℓ
krD
i
rj + Γ
ℓ
riΓ
k
rj − ΓrkiΓrℓj
)
= 0(31)
for any indices i, j, k and ℓ.
Note that both C and D can be expressed in terms of T and Γ, and the covariant derivatives
of T can also be expressed in terms of T and Γ. While we do believe that the identities in
Lemmas 2.1, 3.1, and 4.1 are so over determined that it will force T and Γ to vanish hence
give an affirmative answer to Question 1.1, at this point we do not know how to decipher those
algebraic relations between T and Γ. So in this article we will only try a couple of special cases:
when n = 2 or when Γ = 0.
Proof of Theorem 1.2. Let (G, g) be a Lie group of real dimension 4 equipped with a left in-
variant metric and a compatible complex structure. Suppose that it has a flat s -Gauduchon
connection ∇s with s 6= 0, 2. Assuming that g is not Ka¨hler, we want to derive a contradiction.
Let e be a left invariant unitary frame on G. Replacing it by a constant unitary change if
necessary, we may assume that T 212 = 0 and T
1
12 = λ. Note that the constant λ 6= 0 as otherwise
g would be Ka¨hler. Under e, we have
T 112,ℓ = −λΓ22ℓ, T 212,ℓ = λΓ21ℓ
T 1
12,ℓ
= λΓ22ℓ, T
2
12,ℓ
= −λΓ12ℓ
By the third identity in Lemma 3.2, we know that s 6= 1, 1
2
. Combine the above with Lemma
3.2, we get Γ122 = Γ
2
11 = Γ
2
12 = Γ
2
21 = 0 and
Γ222 = (s− 2)λ =
s2(s− 2)
4(s− 1)(2s− 1)λ, Γ
1
21 = −
s(3s2 − 8s+ 4))
4(s− 1)(2s− 1)λ
Since s 6= 2, the first equality above gives s2 = 4(s−1)(2s−1), or equivalently, 7s2−12s+4 = 0.
From that we solve for s and get s = 2
7
(3 ± √2). To rule out these two special values, let us
recall the relations
Djik = Γ
j
ik − sT jik, Cjik = −Djik +Djki − 2T jik.
We get D122 = D
2
11 = D
2
12 = D
2
21 = C
2
12 = 0, and
D222 = (s− 2)λ, D121 = Γ121 + sλ = (5s− 4)λ,
and C112 + D
1
12 = D
1
21 − 2λ = (5s − 6)λ. By considering the coefficient in front of e2 for the
Jacobi identity involving {e1, e2, e1}, or equivalently, by letting i = ℓ = 1 and j = k = 2 in (17),
we get
(C112 +D
1
12)D
1
21 = D
1
21D
2
22
That is, (5s− 6)λ(5s− 4)λ = (5s− 4)λ(s − 2)λ. Since λ 6= 0 and 5s− 4 6= 0, this implies that
5s− 6 = s− 2, or s = 1, contradicting to the condition s = 2
7
(3±√2) that we obtained earlier.
8 Gauduchon flat Lie Groups
So when n = 2 and s 6= 0, 2, any (G, g) that is ∇s-flat must be Ka¨hler. This completes the proof
of Theorem 1.2. 
Proof of Theorem 1.3. Let G be a Lie group of real dimension 2n equipped with a left invariant
metric g and a compatible left invariant complex structure J , and suppose that (G, g) is ∇s-flat
with s 6= 0, 2. Under the assumption of Theorem 1.3, the Lie group admits left invariant parallel
frame e. This means that Γjik = 0 for any 1 ≤ i, j, k ≤ n. Thus we have
D = −sT, C = 2(s− 1)T.
The vanishing of Γ also implies that, under the frame e, the components T jik, ℓ = T
j
ik, ℓ
= 0 for
all indices. So Lemma 3.1 will take a particularly simple form. By letting i = k and j = ℓ in
the last equality of Lemma 3.1, we get
(32)
n∑
r=1
{4(s− 1)2|T rij |2 + (5s2 − 10s+ 4)(T iirT jjr − |T ijr|2)− s2(|T jir|2 − T jjrT iir)} = 0.
Since we already proved Theorem 1.2, we may assume that n ≥ 3. Now let us separate our
discussion into two cases: s 6= 1 and s = 1. First assume that s 6= 1. By the third equality in
Lemma 3.1, we know that
∑
r T
ℓ
irT
r
jk = 0. Since C = 2(s− 1)T , this means that
[X, [Y, Z]] = 0 ∀ X,Y, Z ∈ g1,0,
that is, g1,0 is 2-step nilpotent. Let V0 be the center of g
1,0 and we choose e so that {e1, . . . , ep}
spans V0. Then we know that
T j∗∗ = T
∗
i∗ = 0
for any 1 ≤ i ≤ p and any p < j ≤ n. Here ∗ can be any integer between 1 and n. By letting
1 ≤ j ≤ p in (32), we get∑r |T jir|2 = 0, that is, T j∗∗ = 0 for any 1 ≤ j ≤ p also. So T = 0 and g
is Ka¨hler.
Now we assume that s = 1. In this case we have C = 0 and D = −T . The first equality of
Lemma 3.1 now says that
(33)
n∑
r=1
{T ℓjrT rik − T ℓkrT rij} = 0,
which is just the Jacobi identity for {ej, ek, eℓ} as C = 0 in this case. Let s = 1 in (32) and
taking the real part, we get
(34)
n∑
r=1
{|T jri|2 − |T irj|2} = 0
for any 1 ≤ i, j ≤ n. We want to conclude that T must vanish in this case. Following [23], for
any X =
∑
Xiei in V = g
1,0, let us denote by AX the linear transformation on the vector space
V given by AX(ej) =
∑
i,kXiT
k
ijek. Multiplying on equation (33) by XiYk and add up, and
then by XkYi and add up, we see that AXAY = −AYAX for any X , Y in V . By the Claim
in the proof of Theorem 2 of [23], we know that there exists non-zero vector W ∈ V such that
AY (W ) = 0 for any Y ∈ V . Without loss of generality, we may assume that W = en. So we
have T ink = 0 for any i, k. By letting j = n in (34), we see that T
n
ik = 0 for any i, k. Restricting
T to the subspace V1 spanned by {e1, . . . , en−1} and repeating the argument, we eventually get
T = 0 for all indices. That is, the metric g is Ka¨hler in the s = 1 case as well. This concludes
the proof of Theorem 1.3. 
Appendix A. Lie groups with a flat left-invariant Ka¨hler structure
In this section we recall some results on flat left-invariant Lie groups due to Milnor [14] and
Barberis-Dotti-Fino [3]. These results lead to Corollary 1.6 stated in Section 1.
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Theorem A.1 (Theorem 1.5 on p.298 in [14]). A connected Lie group G with a left invariant
Riemannian metric is flat if and only if its Lie algebra g admits an orthogonal decomposition
(35) g = h⊕ i,
where h is an abelian Lie subalgebra and i is an abelian ideal. Moreover, ad(X) is skew-adjoint
for any X ∈ h.
In the above theorem, the abelian ideal i is i = {Y ∈ g | ∇Y = 0}, where ∇ is the Levi-Civita
connection. It is further observed (Proposition 2.1 in [3]) that i = c⊕ [g, g] where c is the center
of g and [g, g] is of even dimension.
Lie groups with a flat left-invariant Ka¨hler structure were classified in Proposition 2.1 and
Corollary 2.2 in [3]. We summarize and slightly rephrase their results as follows.
Theorem A.2 (Proposition 2.1, Corollary 2.2, and Proposition 3.1 in [3]). Let (G, J, g) be
connected Lie group with a left invariant complex structure and a flat left invariant Ka¨hler
metric. Then the Lie algebra g of G admits an orthogonal decomposition
(36) g = h⊕ c⊕ [g, g],
which satisfies the following properties:
(i) h is a Lie subalgebra, c is the center of g, and [g, g] is J-invariant.
(ii) The adjoint action ad injects h to skew-symmetric transformations on [g, g] which com-
mutes with J . Furthermore, we have the ‘simultaneous diagonalization’ of the restric-
tion of adX = ∇X on h in the following sense:
There exists an orthonormal basis with [g, g] = span{e1, Je1, · · · , ep, Jep} and an
injective linear map q = (q1, · · · , qp) : h → Rp such that for any X ∈ h and 1 ≤ i ≤ p,
adX has the block diagonal form:
adX
[
ei
Jei
]
=
[
0 qi(X)
−qi(X) 0
] [
ei
Jei
]
.
(iii) There are further orthogonal decompositions h = (h ∩ Jh) ⊕ h1 and c = (c ∩ Jc) ⊕ c1,
and J restricts to an isomorphism between h1 and c1.
It is straightforward to write down all such Lie algebras in real dimension 4, which is exactly
covered in Corollary 1.6.
It might be interesting to compare the kernel space {Y ∈ g | ∇Y = 0} in Theorem A.2 with
the Lie algebra homomorphism p : g → u(n) defined in (29) in Section 4. Let ∇ = ∇s, then
our Theorem 1.3 can be reinterpreted as: for a ∇s-flat Hermitian Lie group (G, J, g) with a
left invariant structure, if the kernel space {Y ∈ g | ∇Y = 0} = g, then (G, J, g) is Ka¨hler and
isomorphic to a complex vector group. We will study the structure of a ∇s-flat left invariant
Hermitian Lie group in the spirit of Theorem A.2 in a future work.
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